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Abstract 

We have considered three neutrino transitions and oscillations in the 
general case and obtained expressions for neutrino wave functions in three 
cases: with CP violation, without CP violations and the case when z/e ^ 
transitions are absent (some works indicate on this possibility). Then 
using the existing experimental data some analysis has been fulfilled. This 
analysis definitely has shown that transitions z/g ^ cannot be closed for 
the Solar neutrinos. However, this possibility may be realized by using the 
mechanism of resonance enhancement neutrino oscillations in matter (the 
Sun). But this possibility is not confirmed by the Solar neutrinos spectrum 
(the Solar neutrinos spectrum is not distorted) and the Day-Night effect 
(this effect is not observed). It was found out that the probability of Ve ^ 
z/e neutrino transitions is positive defined value only if the angle of z/g, 
mixing j3 < 15° -i- 17°. 

PACS numbers: 14.60. Pq; 14.60. Lm 



1 Introduction 

The suggestion that, in analogy with K°^K° oscillations, there could be 
neutrino-antineutrino oscillations [v ^ v) was considered by Pontecorvo 
[1] in 1957. It was subsequently considered by Maki et al. [2] and Pon- 
tecorvo [3] that there could be mixings (and oscillations) of neutrinos of 
different flavors (i.e., z/g i^^i transitions). 

In the general case there can be two schemes (types) of neutrino mix- 
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ings (oscillations): mass mixing schemes and charge mixings scheme (as it 
takes place in the vector dominance model or vector boson mixings in the 
standard model of electroweak interactions) [4]. 

In the Standard theory of neutrino oscillations [5] it is supposed that 
physically observed neutrino states v^^v^^ v^- have no definite masses and 
that they are directly created as mixture of the i^i,i^2,i^3 neutrino states. 
However the computation has shown that these neutrinos have definite 
masses [4]. Then neutrino mixings arc determined by the neutrino mass 
matrix and neutrino mixing parameters are expressed through elements of 
the neutrino mass matrix. 

In the scheme of charge mixings the oscillation parameters are ex- 
pressed through weak interaction couple constants (charges)and neutrino 
masses [4]. 

In the both cases the neutrino mixing matrix V can be given [4] in the 
following convenient form proposed by Maiani [6]: 
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exp{iS) = cos (5 + i sin 6. 

Now we will come to computation of neutrino wave functions ^^j,^, 
and a probability of transitions (oscillations) of these neutrinos. 



2 General Expressions for Neutrino Wave Functions 
and Probabilities in Dependence on Time at Three 
Neutrino Transitions (Oscillations) in Vacuum 

Using the above matrix V, we can connect the wave functions of physi- 
cal neutrino states ^^j,^ , ^^t,^ , with the wave functions of intermediate 
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neutrino states ^i,^, ^'j^g and write down it in a component- wise form 
|5|: 

3 

k=l 

3 

^^fe = E l = e,ii,T, A; = 1^3, (3) 

k=l 

where ^'t,^ is a wave function of neutrino with momentum p and mass 
mfc. We suppose that neutrino mixings (oscillations) are virtual if neutri- 
nos have different masses (if we suppose that these transitions are real, 
as it is supposed in the standard theory of neutrino oscillations, then it 
is necessary to accept that expression (3) is based on a supposition that 
masses difference of Vk neutrinos is so small that coherent neutrino states 
are formed in the weak interactions (computation has shown that this con- 
dition is not fulfilled, i.e. neutrino as wave packet is unstable and decays)). 

*,,(t) = e-^'=^*,,(0). (4) 

Then 

'^.,it)=te-''''X%,^uM- (5) 

k=l 

Using unitarity of matrix V or expression (3) we can rewrite expression 
(5) in the following form: 

^.M= E E K,..e-^'=^Kk*..(o). (6) 

l'—e,fi,T k=l 

and introducing symbol b,y^iy^,{t) 

K.At) = E K,..e-^'=V,;,, (7) 

k=l 

we obtain 

*..(^)= E 6...,(t)*.,(0), (8) 

l'=e,/i,T 

where 5zy,^,^,(t)-is the amplitude of transition probability "^^i "^vf 
And the corresponding transition probability ^f^,; — ^f^,^, is: 
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Puit^At) =1 E K,v,e 
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(9) 



k=l 



It is obvious that 



(10) 



2.1 Expressions for Neutrino Wave Functions and Probability 
of Ve, ^/ij — ^ ^ej ^/xj Transitions (Oscillations) with CP 
Violation in Vacuum 

The wave functions of i^g, i^^, Vr ~^ ^e? ^/x? transitions with CP violation 
have the following form: 

1. for the case of Ue ^e-, ^ijl-, transitions: 

^y,^y,,y^,^Xi) = [cos\/3)cos\e)exp{-iEit) + cos\/3) 3171^9) 

exp{-iE2t) + sin'^{(3)exp{-iEst)]'^uA^)+ 
+ [cos{(3)cos{0)exp{—iEit){—cos{'j)sin{0) — 
—sin{(3)exp[—i5)sin{'y)cos{9))-\- 
+cos{/3)sin{6)exp{—iE2t) {cos{^)cos{9) — 
—sin{P)exp{—i6)sin{'^)sin{0))+ 
+sin{/3)exp{—i6)exp{—iEst)sin{'y)cos{/3)]'i/y^{0)+ 
+[cos{/3)cos{6)exp{—iEit) {sin{'y)sin{6) — 

—sin{P)exp{—i6)cos{'y)cos{0))-\- 
+COS sin (6) exp ( —iE2t) ( — sin (7) cos (0) — 



+sin{P)exp{—i6)exp{—iE^t)cos{j)cos{(5)]"^iy^{0). 
2. for the case of i^^ — z/g, I'fj,, transitions: 

*i.^^z.e,j^^,j^xW = [{-sin(ci)sin{(5)exp{i5)cos{e)- 
—cos{'y)sin{6))exp{—iEit)cos{/3)cos{6) + 
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—sin{f3)exp{—i6)cos{'y)sin{9))+ 
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-\-{—sin{'y)sin{P)exp{i5)sin{9)-\- 
+cos{^)cos{9))exp{—iE2t)cos{l5)sin{9) + 
-\-sin{'y)cos{l3)exp{—iE3t)sin{/3)exp{i6)]'ifj^X0)+ 
+ [{— sin{j) sin{P)exp{iS)cos{0) — 
—cos{j)sin{d))exp{—iEit){—cos{j)sin{d) — 
—sin{/3)exp{—i6)sin{'y)cos{6))+ 
-\-{—sin{'y)sin{P)exp{i6)sin{6) + 
+COS (7) COS (6)) exp{—iE2t) {cos (7) cos (0) — 
—sin{(3)exp{—i6)sin{'y)sin{6))+ 
-\-sin'^{j)cos'^{P)exp{-iE3t)]'^^^{0)-\- 
+[{—sin{'y)sin{f^)exp{i6)cos{0) — 
—cos{'y)sin{6))exp{—iEit){sin{j)sin{6) — 
—sin{(3)exp{—i6)cos{'y)cos{6))+ 
+{—sin{'y)sin{/3)exp{i6)sin{6) + 
+cos{'y)cos{6))exp{—iE2t){—sin{'y)cos{6) — 
—sin{(3)exp{—i6)cos{^)sin{6))+ 
+sin{^)cos^{(3)exp{-iE2,t)cos{^)\^y^{jS). 

3. for the case of z/^- z/g, z^y^, z^r transitions: 

j,^^^^^j,^^j,Xt) = [{-cos{'j)sin{(3)exp{i5)cos{9) + sin{'y)sin{6)) 

exp{—iEit)cos{f^)cos{0) + {—cos{^)sin{(3)exp{i5)sin{9) — 
—sin{'y)cos{6))exp{—iE2t)cos{(3)sin{6)-\- 
+cos{j)cos{P)exp{—iE^t)sin{P)exp{i6)]'^^^{0)+ 
+[{—cos{'y)sin{/3)exp{i6)cos{0) + 
+sin{'y) sin{6))exp{—iEit) {—cos{j) sin{0) — 
—sin{P)exp{—i6)sin{j)cos{9))-\- 
+{—cos{'y)sin{/3)exp{i6)sin{6) — 



—sin{'y)cos{0))exp{—iE2t){cos{j)cos{9) — 

—sin{P)exp{—i6)sin{j)sin{9))+ 
+sm (7) cos^ (/?) exp{-iEst) cos (7) ] ^z/^ (0) + 

+ [{—cos{j)sin{P)exp{i5)cos{9)-\- 
-\-sin{j)sin{9))exp{—iEit){sin{j)sin{0) — 

—sin{/3)exp{—i6)cos{'y)cos{6))+ 

+{—cos{'y)sin{P)exp{i5)sin{0) — 
—sin{j)cos{0))exp{—iE2t){—sin{j)cos{d)— (13) 

—sin{/3)exp{—i6)cos{'y)sin{6))+ 
+cos\-f)cos\(3)exp{-iE:it)]^,^{0). 
Now consider the case when the CP violation is absent. 

2.2 Expressions for Neutrino Wave Functions and Probability 
of Ue, i^fj,, i^T ^/ij Transitions (Oscillations) without CP 
Violation in Vacuum 

If we do not take CP violation into account, then the expression for the 
amplitude of neutrino transitions has the following forms: 

1. If primary neutrinos are Ue neutrinos, then for this neutrino wave 
function for ^ Ve, ^ i^fj,, and z/g — ^ i't transitions we get 

'^u^^u^^u^i.M = [cos\/3)cos\e)exp{-iEit)+ 

+cos^ (/?) sin^ie) exp{-iE2t) + 

+sin\P)exp{-iE3t)]^,M+ (14) 
+[cos{(3)cos{d)exp{—iEit){—sin{j)sin{(3)cos{d) — 

—cos{'y)sin{6)) + cos{/3)sin{6)exp{—iE2t){—sin{'y)sin{l3)sin{6)+ 

+cos{'y)cos{6)) + sin{P)exp{—iE[it) sin{'y)cos{P)]"^ j,^^{0) 

-\-[cos{f5)cos{d)exp{—iEit){—cos{j)sin{l3)cos{d) + sin{^)sin{9))+ 

+cos{/3)sin{6)exp{—iE2t){—cos{'y)sin{/3)sin{6) — sin{'y)cos{6))+ 
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+sin{/3)exp{-iEst)cos{-f)cos{/3)]'^i,^{0). 

2. For the case of — i^e, i^^, Vt transitions we get 

'lf„^^„„^^,,.M = [cos{[3)cos{e)exp{-iEit) 

{—sin{'y)sin{/3)cos{6) — cos{'y)sin{6))+ 
+cos{P)sin{0)exp{—iE2t){—sin{'y)sin{P)sin{0) + cos{j)cos{6))+ 
+sin{(3)exp{-iEst)sin{j)cos{/3)]'^ jyXO)+ 
-\-[{—sin{j)sin{P)cos{6) — cos{j)sin'^{6))exp{—iEit)-\- 
+ {—sin{'y)sin{P)sin{6) + cos{'y)cos'^ {6))exp{—iE2t)+ 
+sin2 {j)cos^ {/3)exp{-iE3t)]'^^^ (0) + 
[{—sin{'y)sin{/3)cos{6) — cos{'y)sin{6))exp{—iEit) 

{—cos{j)sin{P)cos{6) + sin{^)sin{0))-\- 
-\-{—sin{j)sin{l3)sin{d) + cos{^)cos{9))exp{—iE2t) (15) 
{—cos{'y)sin{(3)sin{0) — sin{'y)cos{6)) + sin{'y)cos^{(3) 
exp[-iE:^t)cos[-i)]^^X^). 

3. For the case of Ut — z/g, i^^, i^r transitions we get 

u^^u„v^,vM) = [cos{P)cos{e)exp{-iEit) 

{—cos{'y)sin{/3)cos{6) + sin{'y)sin{6)) + cos{(3)sin{9)exp{—iE2t) 
{—cos{j)sin{(5)sin{6) — sin{'y)cos{6))-\- 
+sin{(3)exp{-iEst)cos{j)cos{/3)]'^^X^)-\- 
+[{—sin{'y)sin{/3)cos{6) — cos{'y)sin{6))exp{—iEit) 
{—cos{j)sin{P)cos{6) + sin{'y) sin{6)) + {—sin{'y)sin{P)sin{6)+ 
+cos{'y)cos{d))exp{—iE2t){—cos{j)sin{l3)sin{d) — sin{j)cos{6))-\- 

+sin{'y)cos'^{l3)exp{-iE3t)cos{'y)]'^u,iO)+ (16) 
+ [{—cos{j)sin{P)cos{6) + sin{j)sin{6))'^exp{—iEit)+ 
+ {—cos{'j)sin{f3)sin{0) — sin{j)cos{d))^exp{—iE2t) + 
+cos\'y)cos\p)expi-iEst)]^,,^{0). 



Probability of Ve ~^ neutrino transitions obtained from exp. (14) is 
given by the following expression: 

Pu^^uXt) = 1 - cos\p)sin\2e)sin\-tiEi - E2)/2)- 

cos^{e)sin^{2(3)sir?[-t[Ei - Ei)/2)- (17) 
—sin {e)sin^{2(3)sin^{-t{E2 - E^)/2). 

Probability of neutrino transitions obtained from exp. (14) is 

given by the following expression: 

P,y^^iy^{t) = 4cos'^{P)cos{9)sin{6)[—sin{j)sin{P)sin{6) + 003(^)003 (6)] 

[3in{j)3in{/3)co3{e) + co3(j)3in{e)]3in^{-t{Ei - E2)/2)- (18) 
+4co3'^{l3)3in{l3)co3{9)3in{'^)[sin{'^)sin{l3)cos{9) + co3{'y)3in{6)] 
■3in'^{-t{Ei-E^)/2)-Acos'^{P)sin{P)sin{6)sin{^)[-sin{^)3in{(5)sin{6)+ 

+co3{j)co3{0)]3in'^{-t{E2 - Es)/2). 

Probability of i^e ~^ t^t neutrino transitions obtained from exp. (14) is 
given by the following expression: 

Py.^uM) =4cos^{(3)co3{e)3in{e)[-co3{-f)3in{(3)co3{e)+ (19) 

+sm(7)sm(6')] [cos{^)sin{l3)sin{0) + sin{'^)cos{0)\sin^{—t{Ei — E2)/2) — 

—4:Cos'^{P)cos{9)sin{P)cos{'y)[—cos{'y)sin{P)cos{6) + sin{'y)sin{9)] 

■sin'^{-t{Ei- E3)/2)+4cos'^{P)sin{e)sin{P)cos{-f)[cos{-f)sin{/3)sin{e)+ 

+sin{j)cos{0)]sin^{-t{E2 - E^)/2). 

Now we consider of neutrino wave functions and a probability of neutrino 
transitions at the absence of Ve transitions. 

2.3 Expressions for Neutrino Wave Functions and Probability 
of z/p, i^/i, T^T i^fi, Transitions (Oscillations) in Vacuum 

at the Absence of z/g Vt Transitions 

If primary neutrinos are neutrinos and there are no transitions between 
z/g and neutrinos, i.e., these transitions are closed, then there only v^^ 
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z/g, z^e ^jj,, and z/^ u^- after z/g ~^ transitions can exist. Then the 
amplitude of these transitions has the following form: 

^^.e--e,-.,-.(^) = [cos\e)exp{-iEit) + sin\e)exp{-iE2t)\^,X^)+ (20) 

+[— cos(^)sm(^)cos(7)exp(— i^it)+cos(^)sm(^)cos(7)exp(— ^^l^)]^^y^(0)^- 
cos(^)sm(^)sm(7)[exp(— — exp{—iE2)\^ p^iQ) . 

And probabilities of these neutrino transitions (oscillations) are described 
by the following expressions (in reality after transitions z/g — there 
must be transitions between ^ i't] 



P{ue ^ye,t) = l- sin^{2e)[cos^{2'y) + sin^{2'y)\sin^{L/ L12). (21) 



for z/g - 


z/g: 




^ Z^e, ^) 


for z/g - 








for z/g - 






Pil^e 



P(ve ^Vf„t) = \- sin\2e)cos\2'^)sin\LI La). (22) 



(23) 



where 

|m| — m||(e"l/2) 



= l-27TZ3^%2Tp72y i = (24) 

2 



-Ez/g- is energy of primary neutrino and Ek = \J'm\ + p^^ -\- ^ 



If primary neutrinos are z/^ neutrinos and there are no transitions be- 
tween z/g and neutrinos, then 

^ y^^ye,y^,yrif) = [-cos{d)exp{-itEi)cos{^)sin{d)+ 

+sin{6)exp{—itE2)cos{j)cos{9)]^,^^{0) + [cos'^ {'y)sin'^ {6)exp{—itEi)-'r 
+cos^{^)cos^{e)exp{-itE2) + sin^{^)exp{-itEz)\^y^{Qi)+ (25) 
[—cos{'y)sin^{0)exp{—itEi)sin{'y) — cos{'y)cos'^{9)exp{—itE2)sin{'y)+ 

sin{^)exp{-itE^)cos{^)]'^ 1,^(0). 



9 



If primary neutrinos are v^- neutrinos, there are no transitions between 
z/g and Vt neutrinos 

'^v^^v^,u^,v^{t) = [cos{0)exp{-itEi)sin{j)sin{d)- 

—sin{6)exp{—itE2)sin{j)cos{6)]"^„^{0)+ 
+ [— cos (7) sin^ {6) exp{—itEi)sin (7) — (26) 
—cos{'y)cos^{0)exp{—itE2)sin{'y) + sin{'y)exp{—itE^)cos{'y)\^i,^{Qi)-\- 

[sin'^{j)sin'^{9)exp(—itEi)-{- 
sin^{^)cos^{6)exp{-itE2) + cos^{^)exp{-itE^)]^j,^{Qi). 



3 Some Analysis of Neutrino Oscillation Possibilities 

The value of the Solar neutrinos flow measured (through elastic scattering) 
on SNO [7] is in a good agreement with the same value measured in Super- 
Kamiokande [8]. 

Ratio of Vf, flow measured on SNO (CC) to the same flow computed 
in the frame work of SSM [9] (E^ > Q.OMeV) is: 

(PsNO =0.35^0.02. (27) 

4>SSM2m{) 

This value is in a good agreement with the same value of z/g relative 
neutrinos flow measured on Homestake (CC) [10] for energy threshold 
E^ = 0,814Mey. 

= 0.34 ±0.03. (28) 



From these data we can come to a conclusion that the angle mixing for the 
Sun Ve neutrinos does not depend on neutrino energy thresholds (0.8 15 
MeV). Now it is necessary to know the value of this angle mixing Ojj^i,^. 
Estimation of the value of this angle can be extracted from KamLAND 
[11] data and it is: 

W^^^^^ ^ 1.0, ^ = |, Am?2 = 6.9 • lO^^eF, (29) 

or 

sin%^j,^ ^ 0.83, e = 32^, Am?2 = 8.3 • lO'^eV. 
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The angle mixing for vacuum z/^ transitions obtained on Super- 

Kamiokande [12] for atmospheric neutrinos is: 

sm227,^,^^l, 7 = ^ Am23 = 2.1-2.5-10-^ (30) 

Now we can estimate the third angle mixing for — ^ u-,- transitions by 
using exp. (17). For this aim we average the time dependence of exp. (17) 
taking into account that the Earth is moving over the elliptic orbit and 
then {sin(-t(Ei - Ej)/2) = 1/2, i,j = 1, 2, 3) 

Py^^,,^ = 1 - hcos'^{l3)sin'^{20) + cos\e)sin\2/3) + sin\0)sin\2/3)] = 

= 1 - hcos\l3)sin^{2e) + sin'^{2/3)]. (31) 

By substituting the value of sin'^{29) in (31) from exp. (29) and the 
value of Pue^Ue from exps. (27), (28) we get 

1.30 [cos\P) + W(2/3)]. (32) 

From the above expression we can come to conclusion that 

(3 < 7r/4, (33) 

i.e., this angle is close to the maximal angle 7r/4. 

If we suppose that Uj- transitions are closed, then we can use exp. 
(21) to estimate angle For this aim we average the time dependence of 
exp. (21) taking into account that the Earth is moving over the elliptic 
orbit, then 

P{ue ^Ue,t) = l- ^sin\2e). (34) 
By substituting the value of sin^{20) from exp. (29) in (34) we get 

P(z.e^Z.e,t)-^, (35) 

we come to a contradiction with exp (27), (28), i.e. with experiments, but 
this contradiction can be removed by using the mechanism of resonance 
enhancement of neutrino oscillations in matter [8]. But this possibility is 
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not confirmed by the Solar neutrinos spectrum (the Solar neutrinos spec- 
trum is not distorted) and Day-Night effect (this effect is not observed). 
Unlikely it is possible to obtain a flat neutrinos energy spectrum without 
distortion in broad energy region E = 1 IbMeV by using this mecha- 
nism. 

It is also detected that using cxp. (17) wc can obtain limitation on 
value of angle For this purpose wc have fulfilled graphical modelling 
of this function by using the following values for [11] 9 = 32.45^, Am^2) 
and [12] Aml^ from exprs. (29), (30) for different values of /3 = 10'' ^ 45^^ 
and Am^g = lO^^eV^ 5.7 • lO^^ey^ 8.3 • IQ-^eV^ at the average 
electron neutrino energy Ej^^ = 7MeV and established that the value for 
P(z/e i^ei t) become a positive defined value at P = 15^ 17^^ {Pi^e ~^ 
z/g, ^) ~ at some values of t). If > 15°-^ 17°, then P{i'e t) becomes 

negative at some values of t. Since the value for the probability of ^ 
transitions P{i'e ^e-, t) must be positive defined one then, if in reality 
neutrino oscillations take place, the value for (5 must be /? < 15° 17°. 

4 Conclusion 

We have considered three neutrino transitions and oscillations in the gen- 
eral case and obtained expressions for neutrino wave functions in three cas- 
es: with CP violation, without CP violations and the case when Ug ^ v^- 
transitions are absent (some works indicate on this possibility). Then us- 
ing the existing experimental data some analysis has been fulfilled. This 
analysis definitely has shown that transitions z/g ^ Vt cannot be closed for 
the Solar neutrinos. However, this possibility may be realized by using the 
mechanism of resonance enhancement neutrino oscillations in matter (the 
Sun). But this possibility is not confirmed by the Solar neutrinos spec- 
trum (the Solar neutrinos spectrum is not distorted) and the Day-Night 
effect (this effect is not observed). It was found out that the probability 
of ^ i^e neutrino transitions is positive defined value only if the angle 
of Ve, i^T mixing (3 < 15° -i- 17°. 
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